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Abstract
The goal of this work is the high frequency approximation of bounded energy solutions to the
equation
u+ |u|4u+ |u|α−1u= 0, (t, x) ∈Rt ×R3x , (E)
where  = ∂2t − x is the wave operator and α is a real number, 1 < α < 5. We prove that the
description of Bahouri and Gérard [Amer. J. Math. 121 (1999) 131–175] about the critical case still
holds for Eq. (E) locally in time.
 2004 Elsevier Inc. All rights reserved.
1. Introduction
In this work, we are interested at the equation
u+ |u|4u+ |u|α−1u = 0, (t, x) ∈Rt ×R3x, (1.1)
where = ∂2t − x is the wave operator and α is a real, 1 < α < 5.
We want to describe, in the spirit of the work of Bahouri and Gérard [1], the impact of
the nonlinear term on the solution of Eq. (1.1).
E-mail address: mohamed.majdoub@fst.rnu.tn.0022-247X/$ – see front matter  2004 Elsevier Inc. All rights reserved.
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to Eq. (1.1). An easy adaptation of the arguments used in [8] show that, for every (ϕ,ψ) ∈
E := H˙ 1(R3)∩ Lα+1(R3)×L2(R3) (energy space), there exists a unique solution
u ∈ C(R, H˙ 1(R3)∩Lα+1(R3))∩ L5loc(R,L10(R3)), ∂tu ∈ C(R,L2(R3)),
to Eq. (1.1) satisfying
(u|t=0, ∂tu|t=0) = (ϕ,ψ).
Moreover, for a such solution the quantity
E(u) =
∫
R3
[
1
2
(|∂tu|2 + |∇xu|2)+ 1
α + 1 |u|
α+1 + 1
6
|u|6
]
(t, x) dx
is time independent.
(b) Equation (1.1) is a subcritical perturbation of the critical wave equation
v + |v|4v = 0. (1.2)
This equation and, more generally, the equations of the type
v + |v|p−1v = 0, 1 <p  5, (1.3)
have been studied by Gérard [3] and Bahouri and Gérard [1] by comparison with the linear
wave equation
w = 0. (1.4)
In [3], P. Gérard show that the solutions of (1.3), with a subcritical exponent p, are lin-
earizable on every time bounded interval (see definition below). However, if p = 5, those
solutions can present a nonlinear behaviour which is due, essentially, to the lack of com-
pactness in the Sobolev injection
H 1(R3) ↪→ L6(R3).
Recently, H. Bahouri and P. Gérard gives in [1] a total description of the solutions to
Eq. (1.2).
More precisely, let (ϕn,ψn) be a sequence in H˙ 1(R3)×L2(R3) such that
(ϕn,ψn) ⇀ (0,0) in H˙ 1(R3) ×L2(R3), (1.5)
∃R0 > 0, ∀n, supp(ϕn)∪ supp(ψn) ⊂
{|x|R0}. (1.6)
We denote by (vn) and (wn) the sequences of finite energy solutions to (1.3) and (1.4) such
that
(vn, ∂t vn)(0) = (wn, ∂twn)(0)= (ϕn,ψn).
Definition 1.1. Let T be a positive time. We say that the sequence (vn) is linearizable on
[0, T ] if
sup E0(vn −wn, t) → 0 as n → +∞,
t∈[0,T ]
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E0(f, t) = 12
∫
R3
[|∂tf |2 + |∇xf |2](t, x) dx = 12
∥∥∇t,xf (t)∥∥2L2(R3).
The following theorem is proved in [3].
Theorem 1.2. Let T be a positive time. Then
(1) if p < 5, the sequence (vn) is linearizable on [0, T ];
(2) if p = 5, the sequence (vn) is linearizable on [0, T ], if an only if, the sequence (wn)
satisfy
‖wn‖L∞([0,T ],L6(R3)) → 0 as n → +∞. (1.7)
Remarks 1.3. (i) This theorem justifies the critical character of the exponent p = 5.
(ii) In [5], we have proved with S. Ibrahim a similar result about the equation
∂2t u− div
(
A(x).∇xu
)+ |u|p−1u = 0, (t, x) ∈R×Rd ,
where d  3, 1 < p  pc := d+2d−2 and A is a regular function valued in the space of d × d
positive definite matrix and which is the identity outside a fixed compact.
Using the condition (1.7) it is easy to give an example of nonlinearizable sequence (vn)
on a given time interval. In fact, let t0 ∈R, (εn) a sequence of positive real numbers tending
to zero and w a finite energy solution of (1.4). We set
wn(t, x)= 1√
εn
w
(
t − t0
εn
,
x
εn
)
,
and we denote by (vn) the sequence of solutions of (1.2) with initial data (wn, ∂twn) at
t = 0. It is clear that, for any bounded interval I such that t0 ∈ ˚I ,
‖wn‖L∞(I,L6(R3))n → 0 as n → +∞.
So (vn) is not linearizable on I .
In [1], it is shown that
vn(t, x) = 1√
εn
v
(
t − t0
εn
,
x
εn
)
+ rn(t, x), |||rn||| n→+∞−→ 0,
where v is the Shatah–Struwe’s solution of (1.2) satisfying

E0(v −w, t) t→−∞−→ 0 if t0 > 0,
E0(v −w, t) t→+∞−→ 0 if t0 < 0,
(v, ∂t v)(0, .) = (w, ∂tw)(0, .) if t0 = 0,
(1.8)
and
|||r||| = sup‖∇t,xr‖L2(R3) + ‖r‖L5(R,L10(R3)).
t∈R
M. Majdoub / J. Math. Anal. Appl. 301 (2005) 354–365 357In particular, if t0 > 0, for instance, we have vn ∼ wn on ]−∞, t0 − ε] for every ε > 0, and
vn(t, x) ∼ 1√
εn
w˜
(
t − t0
εn
,
x
εn
)
on [t0 + ε,+∞[,
where w˜ is the solution of w˜ = 0 deduced from w by the scattering operator associated
to Eq. (1.2) (for more details see [1]).
The solution v of (1.2) with condition (1.8) is said to be the nonlinear profile associated
to the triple (w, (εn), (t0,0)).
The main result of Bahouri and Gérard [1] show that the description of the sequence
(vn) can be reduced to the previous example.
In the following, we try to prove a structural theorem for Eq. (1.1) similar to Bahouri
and Gérard result [1] about Eq. (1.2). Concretely, we shall prove that the description of the
sequence (vn) given in [1] still holds for the sequence (un) on bounded time intervals.
The rest of this paper is organized as follows: in the next section we introduce some
definitions in order to state the main result of Bahouri and Gérard and the one of ours. The
third section is divided in two parts. In the first one we recall some classical tools which
are useful in the proof of our structural theorem. The second part is devoted to the proof of
Theorem 2.8.
2. Definitions and main result
We start by recalling the scattering operator related to Eq. (1.2). It is well known (see
[1]) that, for any finite energy solution w of (1.4), there exists a unique Shatah–Struwe’s
solution v+ of (1.2) such that
E0(v+ −w, t) → 0 as t → +∞. (2.1)
Changing t → +∞ by t → −∞ yields to a similar definition of v− (see [1]). The operators
Ω± :
(
w(0, .), ∂tw(0, .)
) ∈ H˙ 1 ×L2 → (v±(0, .), ∂tv±(0, .)) ∈ H˙ 1 ×L2 (2.2)
are called the wave operators associated to Eqs. (1.2) and (1.4). It is shown in [1] that
the operators Ω± are one-to-one. This yields to the following definition of the scattering
operator.
Definition 2.1. The scattering operator associated to Eq. (1.2) is defined by
S = Ω−1+ Ω− : H˙ 1 ×L2 → H˙ 1 ×L2. (2.3)
Remark 2.2. An asymptotic behaviour result for Eq. (1.2) obtained by Bahouri and Shatah
[2] prove that S conserve the energy
E0(ϕ,ψ) = 12
∫
R3
(∣∣∇ϕ(x)∣∣2 + ∣∣ψ(x)∣∣2)dx. (2.4)
In order to recall briefly the fundamental result contained in [1] and to state our main
result, we need some definitions (for more details see [1]).
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solution to (1.4), ε = (εn) is a sequence of positive numbers going to zero as n goes to
infinity, and z = (zn) = ((tn, xn)) is a sequence of points in Rt ×R3x such that
(i) zn → z as n → +∞,
(ii) one of the following possibilities occurs:
• tn/εn → +∞,
• tn/εn → −∞,
• tn/εn → 0.
Definition 2.4. Two concentrating waves W = (w, ε, z) and W˜ = (w˜, ε˜, z˜) are called or-
thogonal if
either
∣∣∣∣log
(
ε˜n
εn
)∣∣∣∣→ +∞ or ε = ε˜ and |zn − z˜n|εn → +∞.
To any concentrating wave W = (w, ε, z) we associate the following sequence of solu-
tions to the free wave equation (1.4):
wn(t, x)= 1√
εn
w
(
t − tn
εn
,
x − xn
εn
)
.
We designate by vn the Shatah–Struwe’s solution to (1.2) with Cauchy data(
vn(0, .), ∂tvn(0, .)
)= (wn(0, .), ∂twn(0, .)).
We know (see [1]) that
vn(t, x) = 1√
εn
v
(
t − tn
εn
,
x − xn
εn
)
+ rn(t, x), |||rn||| n→+∞−→ 0,
where v is the Shatah–Struwe’s solution to (1.2) characterized by

E0(v −w, t) t→−∞−→ 0 if tnεn → +∞,
E0(v −w, t) t→+∞−→ 0 if tnεn → −∞,
(v, ∂t v)(0, .) = (w, ∂tw)(0, .) if tnεn → 0.
We say that v is the nonlinear profile associated to the concentrating wave W .
Remark 2.5. The existence and the uniqueness of v is guaranteed by the operators Ω±.
Now we are ready to state the result of Bahouri and Gérard [1]. Let (ϕn,ψn) be a
sequence in H˙ 1(R3) × L2(R3) satisfying the conditions (1.5) and (1.6). We designate by
(un), (vn) and (wn) the sequences of finite energy solutions to (1.1), (1.2) and (1.4) such
that
(un, ∂tun) = (vn, ∂tvn) = (wn, ∂twn) = (ϕn,ψn) at t = 0.
The main result of Bahouri and Gérard [1] takes the following form.
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z(j)), j  1, such that, up to extracting a subsequence, for all l  1,
wn(t, x)=
l∑
j=1
1√
ε
(j)
n
w(j)
(
t − t(j)n
ε
(j)
n
,
x − x(j)n
ε
(j)
n
)
+ k(l)n (t, x)
with
lim sup
n→+∞
∥∥k(l)n ∥∥L5(R,L10(R3)) → 0 as l → +∞.
Moreover, if vn is the Shatah–Struwe’s solution to (1.2) such that (vn, ∂tvn) = (wn, ∂twn)
at t = 0, then
vn(t, x) =
l∑
j=1
1√
ε
(j)
n
v(j)
(
t − t(j)n
ε
(j)
n
,
x − x(j)n
ε
(j)
n
)
+ k(l)n (t, x)+ q(l)n (t, x),
with
lim sup
n→+∞
(
sup
t∈R
∥∥∇t,xq(l)n ∥∥L2(R3) + ∥∥q(l)n ∥∥L5(R,L10(R3)))→ 0 as l → +∞,
where v(j) is the nonlinear profile associated to the concentrating wave W(j).
Remark 2.7. We refer to [1] for the proof of this theorem and for further remarks and
consequences.
Our goal is to show that the subcritical perturbation has no effect on the behaviour of
the sequence (un) and then we can describe it by using only the nonlinear profiles v(j).
Precisely, our main result is the following
Theorem 2.8. Up to extraction, we have for all l  1,
un(t, x)=
l∑
j=1
1√
ε
(j)
n
v(j)
(
t − t(j)n
ε
(j)
n
,
x − x(j)n
ε
(j)
n
)
+ k(l)n (t, x)+ r(l)n (t, x),
with for all T > 0,
lim sup
n→+∞
(
sup
t∈[0,T ]
∥∥∇t,xr(l)n ∥∥L2(R3) + ∥∥r(l)n ∥∥L5([0,T ],L10(R3)))→ 0 as l → +∞.
Remarks 2.9. (i) The above theorem still holds for the following semilinear wave equation:
u+ f (u) = 0,
where f :R→R is smooth and∣∣f (u)∣∣∼ |u|α, u → 0, ∣∣f (u)∣∣∼ |u|5, u → ∞.
(ii) We can state a similar theorem in higher dimension of space d  3. Notice that, in
this case, Eq. (1.1) take the following form:
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where 1 < α < d+2
d−2 .
From the above theorem, it is easy to deduce the following corollary.
Corollary 2.10. Let (un) be a sequence of finite energy solutions to (1.1), where
(un(0, .), ∂tun(0, .)) satisfy the conditions (1.5) and (1.6). Then un ⇀ 0.
General idea of the proof of Theorem 2.8. The proof of this theorem follow several steps.
First, we show that for all T > 0, lim supn→+∞ ‖vn‖Lα([0,T ],L2α(R3)) = 0. Secondly, using
Strichartz estimates and bootstrap argument we deduce that the result holds for all T >
0 such that lim supn→+∞ ‖vn‖L5([0,T ],L10(R3)) is small enough. Finally, we conclude the
proof of the theorem by following a method of deformation used in [1], for instance. 
3. Proof of Theorem 2.8
3.1. Tools of the proof
We recall in this paragraph some classical results which will be used in the sequel. The
first is a combination of Strichartz inequality with energy estimate.
Lemma 3.1. Let w be a solution on I = [a, b] to the inhomogeneous linear wave equation
w = f ∈ L1(I,L2(R3))
with w ∈ C(I, H˙ 1(R3)), ∂tw ∈ C(I,L2(R3)). Then
|||w|||I  C
(
E0(w,a)
1/2 + ‖f ‖L1(I,L2(R3))
)
,
where |||w|||I = supt∈I ‖∇t,xw‖L2(R3) + ‖w‖L5(I,L10(R3)).
There is a vast literature dealing with Strichartz inequalities for the wave equation.
Among other, we refer to [4,6,7,9,10], etc.
The second result is an absorption argument which is often called bootstrap lemma
(see [1]). His proof is left to the reader.
Lemma 3.2. Let M = M(t) be a nonnegative continuous function on [0, T ] such that
M(0)= 0 and, for every t ∈ [0, T ],
M(t) C
(
a +M(t)β +M(t)5),
where C is a positive constant, 1 < β < 5 and 0 < a < a0(C,β). Then, there exist C˜ > 0
such that, for every t ∈ [0, T ], we have
M(t) C˜a.
Finally, the following result is the key of the deformation lemma (see Lemma 3.6).
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sequence of real numbers 0 < a1 < a2 < · · · < am such that
max
(‖f ‖Lp[ak,ak+1],‖f ‖Lp[−ak+1,−ak]) ε, 0 k m,
where we have set a0 = 0 and am+1 = +∞.
Proof. By a density argument, we can assume that f ∈ C∞0 . So, there exists a real number
a > 0 such that ‖f ‖Lp(|t |a)  ε.
Let us consider the following decomposition of the interval [0, a]:
[0, a] = [a0, a1] ∪ [a1, a2] ∪ · · · ∪ [am−1, am],
where ak = ka/m, 0 k m. The integer m 1 is chosen such that(
a
m
)1/(2p)
‖f ‖L2p(|t |a)  ε.
Now, using Hölder inequality, we deduce that for every 0 k m− 1,
max
(‖f ‖Lp[ak,ak+1],‖f ‖Lp[−ak+1,−ak]) (ak+1 − ak)1/(2p)‖f ‖L2p(|t |a)
 ε. 
3.2. Proof of Theorem 2.5
The rest r(l)n satisfy the following Cauchy problem:{r(l)n = f (l)n ,
(r
(l)
n (0, .), ∂t r(l)n (0, .)) = (0,0),
where f (l)n = |vn|4vn − |r(l)n + vn|4(r(l)n + vn)− |r(l)n + vn|α−1(r(l)n + vn).
By the Strichartz inequality and the energy estimate (Lemma 3.1) we obtain∥∥r(l)n ∥∥L5([0,T ],L10(R3))  C∥∥f (l)n ∥∥L1([0,T ],L2(R3)).
Using finite propagation speed and Hölder inequality we deduce∥∥f (l)n ∥∥L1([0,T ],L2(R3))  C(‖vn‖αLα([0,T ],L2α(R3)) + ∥∥r(l)n v4n∥∥L1([0,T ],L2(R3)))
+C(∥∥r(l)n ∥∥αL5([0,T ],L10(R3)) + ∥∥r(l)n ∥∥5L5([0,T ],L10(R3))), (3.1)
where C is a constant depending only on R0, T and α.
We have to prove
lim sup
n→+∞
γ (l)n (T ) → 0 as l → +∞, (3.2)
where γ (l)n (T ) = ‖r(l)n ‖L5([0,T ],L10(R3)).
To do this we need the following lemmas.
Lemma 3.4. For every T > 0, we have
lim sup
n→+∞
‖vn‖Lα([0,T ],L2α(R3)) = 0.
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lim sup
n→+∞
‖vn‖L5([0,T ],L10(R3))  δ0,
then
lim sup
n→+∞
∥∥r(l)n ∥∥L5([0,T ],L10(R3)) → 0 as l → +∞.
Lemma 3.6. For every ε > 0, there exists a finite decomposition of R,
R= I (1)n ∪ I (2)n ∪ · · · ∪ I (p)n ,
where the intervals I (k)n are closed and
lim sup
n→+∞
‖vn‖L5(I (k)n ,L10(R3))  ε, 1 k  p.
Let us admit these lemmas for a moment and continue the proof of the theorem. We set
I
(k)
n = [a(k−1)n , a(k)n ] (a(0)n = 0, a(p)n = T ) and we start by I (1)n = [0, a(1)n ]. In view of the
inequality (3.1), we have
γ (l)n
(
a(1)n
)
 C
(‖vn‖α
Lα(I
(1)
n ,L
2α(R3))
+ ∥∥r(l)n v4n∥∥L1(I (1)n ,L2(R3)))
+C(γ (l)n (a(1)n )2 + γ (l)n (a(1)n )α + γ (l)n (a(1)n )5). (3.3)
If the real ε > 0 in Lemma 3.6 is chosen such that Cε4 < 1 , then we obtain for 0  s 
a
(1)
n ,
γ (l)n (s)C
(‖vn‖αLα([0,T ],L2α(R3)) + γ (l)n (s)2 + γ (l)n (s)α + γ (l)n (s)5). (3.4)
From Lemmas 3.2 and 3.4 we deduce that
lim sup
n→+∞
γ (l)n
(
a(1)n
) l→+∞−→ 0. (3.5)
Now, the energy estimate on I (1)n and (3.4) implies that
lim sup
n→+∞
E0
(
r(l)n , a
(1)
n
) l→+∞−→ 0. (3.6)
By the Strichartz inequality on I (2)n , the bootstrap lemma (Lemma 3.2) and (3.6) we get
lim sup
n→+∞
γ (l)n
(
a(2)n
) l→+∞−→ 0.
We conclude the proof by induction. 
Proof of Lemma 3.4. We follow the proof of P. Gérard in [3]. Using finite propagation
speed we can see that vn has a fixed compact support KT ⊂ [0, T ] ×R3. Then, we deduce
by the Strichartz inequality that (vn) is bounded in L5([0, T ],L10(R3)). In addition, we
have the following inequality:
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{|vn|α  ε}, (3.7)
where λ designate the Lebesgue measure on R4 and ε > 0 is given.
Since α < 5, it suffices to show that
|vn|α−1vn → 0 in measure on [0, T ] ×R3,
i.e.,
∀ε > 0, λ{∣∣vn(t, x)∣∣α  ε}→ 0 as n → +∞.
We know (see [1]) that vn ⇀ 0 in H 1(]0, T [×R3). It follows from the Rellich’s theorem
that, up to extraction, vn → 0 in L2t,x . The elementary inequality
λ
{∣∣vn(t, x)∣∣ ε} 1
ε2
‖vn‖2L2
implies
vn → 0 in measure on [0, T ] ×R3
which completes the proof. 
Proof of Lemma 3.5. Up to extraction and for n large we have
‖vn‖L5([0,T ],L10(R3)) 
3δ0
2
.
It follows that for l  1 and n large,
∥∥r(l)n ∥∥L5([0,T ],L10(R3))  C
(
‖vn‖αLα([0,T ],L2α(R3)) +
(
3δ0
2
)4∥∥r(l)n ∥∥L5([0,T ],L10(R3))
+ ∥∥r(l)n ∥∥2L5([0,T ],L10(R3)) + ∥∥r(l)n ∥∥αL5([0,T ],L10(R3))
+ ∥∥r(l)n ∥∥5L5([0,T ],L10(R3))
)
.
If δ0 is chosen such that
C
(
3δ0
2
)4
< 1
then ∥∥r(l)n ∥∥L5([0,T ],L10(R3))  C(‖vn‖αLα([0,T ],L2α(R3)) + ∥∥r(l)n ∥∥2L5([0,T ],L10(R3))
+ ∥∥r(l)n ∥∥αL5([0,T ],L10(R3)) + ∥∥r(l)n ∥∥5L5([0,T ],L10(R3))).
Using Lemma 3.2 we achieve the proof. 
Proof of Lemma 3.6. We know that, up to extraction, we can write
vn(t, x) =
l∑
j=1
1√
ε
(j)
v(j)
(
t − t(j)n
ε
(j)
n
,
x − x(j)n
ε
(j)
n
)
+ k(l)n (t, x)+ q(l)n (t, x),n
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lim sup
n→+∞
(
sup
t∈R
∥∥∇t,xq(l)n ∥∥L2(R3) + ∥∥q(l)n ∥∥L5(R,L10(R3)))→ 0 as l → +∞.
So, there exist l(ε) 1 such that for every l  l(ε),
lim sup
n→+∞
∥∥k(l)n + q(l)n ∥∥L5(R,L10(R3))  ε2 .
We write
vn(t, x) =
l(ε)∑
j=1
1√
ε
(j)
n
v(j)
(
t − t(j)n
ε
(j)
n
,
x − x(j)n
ε
(j)
n
)
+ k(l(ε))n (t, x)+ q(l(ε))n (t, x).
For every 1 j  l(ε) there exist by Lemma 3.3 a finite sequence of real numbers a(j)0 =
0 < a(j)1 < · · ·< a(j)mj < a(j)mj+1 = +∞ such that
max
(‖v(j)‖
L5([a(j)k ,a(j)k+1],L10(R3))
,‖v(j)‖
L5([−a(j)k+1,−a(j)k ],L10(R3))
)
 ε
2l(ε)
,
0 k mj .
Putting in order the real numbers a(j)k , 1 j  l(ε), 0 k mj , we obtain a finite family
of closed intervals J 1, J 2, . . . , J L such that
‖v(j)‖L5(J k,L10(R3)) 
ε
2l(ε)
, 1 j  l(ε), 1 k  L,
and
R= J 1 ∪ J 2 ∪ · · · ∪ JL.
Denoting by
J
k,j
n = t(j)n + ε(j)n J k, 1 k  L,
and taking the necessary intersections, we can write
R= I (1)n ∪ I (2)n ∪ · · · ∪ I (p)n ,
where I (1)n , I (2)n , . . . , I
(p)
n are closed intervals such that∥∥v(j)n ∥∥L5(I (k)n ,L10(R3))  ε2l(ε) , 1 j  l(ε), 1 k  p.
The proof of Lemma 3.6 is then completely achieved. 
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